
Maple-Worksheet for Chung's (1946) method for computing 

Edgeworth polynomials for self-normalized sums

Authors: Helmut Finner and Thorsten Dickhaus.

Last updated: February 23, 2009

____________________________________________________________________

Students t-statistic commonly defined by the one-Sample t-statistic 
with nu=n-1 degrees of freedom.

Note: Student's t-statistc in Chung (1946) defined with norming sequence 1/n 

         in the variance estimator.

Edgeworth expansion has the form:

F_n ( t ) = Phi( t ) + \sum_{i=1}^m  p_i ( t )  phi ( t )

with 

Phi: cdf of standard normal

phi: pdf of standard normal

p_i ( t ) depends on moments alpha[3],  ... , alpha[i+2]
            of the underlying universe

____________________________________________________________________
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restart;
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USER INPUT: number of approximation polynomials needed

( Number_polynomials  >=  9 may take a long time )

number_polynomials:=8;

number_polynomials := 8

____________________________________________________________________

Initialize variables

n:='n':

k_approx:='k_approx':

p:='p':

q:='q':

rho:='rho':

assume(p::nonnegint,q::integer,rho>-1,rho<1,n::posint);

for run from 1 to number_polynomials+2 do;

assume(alpha[run]::real);

end;

alpha[1]:=0;

alpha[2]:=1;

k_approx:=number_polynomials+3;

α
1

:= 0

α
2

:= 1

k_approx := 11

Define function g as at the beginning of Section 2 in Finner & Dickhaus (2009):

g:=(l,lambda,x,z)->z*(1+lambda^2*z^2)^(-1/2)*(1+sum(GAMMA(3/2)

/GAMMA(3/2-j)/GAMMA(j+1)*(alpha[4]-1)^(j/2)*x^(j)*(lambda^j),j=



(3)(3)

OOOO OOOO 

OOOO OOOO 

(4)(4)

1..l));

g := l, λ, x, z /
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Construct formal derivatives for the function g in lambda=0:

f_diff[1,lambda]:=diff(ggg(lambda),lambda)*www(x,ggg(lambda)):

for i from 2 to number_polynomials do:

  f_diff[i,lambda]:=simplify(Diff(f_diff[1,lambda],lambda$(i-1))

);

  #print(f_diff[i,lambda]);

end:

i:='i':

for i from 1 to number_polynomials do:

  gdiff[i]:=simplify(unapply(diff(g(k_approx,lambda,x,z),

lambda$i),(lambda,x,z))):

  print(gdiff[i](0, x, z));

end:
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Compute the f_pq^j's (see Lemma 2.2 in Finner & Dickhaus (2009)):
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ii1:='ii1':

for ii1 from 1 to number_polynomials do:

  ww2:=f_diff[ii1,lambda];

  for j from number_polynomials to 1 by -1 do:

    ww3:=subs(diff(ggg(lambda),`$`(lambda,j))='gdiff[j](0,x,z)',

ww2);

    ww2:=ww3;

    ww3:=subs(eval(diff(www(x,t1),`$`(t1,j)),{t1 = ggg(lambda)})

=zzzz^(j+1),ww2);

    ww2:=ww3;

  end:

  ww3:=subs(www(x,ggg(lambda))=zzzz,ww2):

  ww2:=(expand(ww3));

  ww2;

  i:='i';

  j:='j';

  y:='y';

  zzzz:='zzzz';

  for i from 3*number_polynomials to 0 by -1 do;

    for j from 3*number_polynomials to 1 by -1 do;

      ww3:=algsubs(x^i*zzzz^j=II[p,q+j-1,i],ww2);

      ww2:=ww3; 

    end;

  end;

  #print(ww2);

  fff[ii1]:=unapply(ww2,(p,q));

end:

Compute Taylor approximation  of f_pq (Formula 2.4 in Finner & Dickhaus (2009) ):

i:='i':

pp:='pp':

qq:='qq':

iz1:='iz1':

fff_all:=unapply(sum(fff[iz1](pp,qq)*lambda^iz1/iz1!,iz1=1..

number_polynomials),(pp,qq)):

Definition of function w and its derivatives (top of page 4 in Finner & Dickhaus (2009)):

y:='y';

assume(rho>0,rho<1);
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w:=(x,y,rho)->exp(-(x^2-2*rho*x*y+y^2)/(2*(1-rho^2)))/(2*Pi*sqrt

(1-rho^2));

y := y

w := x, y, ρ /
1

2
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w_pq:=(x,y,rho,p,q)->diff(w(x,y,rho),x$p,y$q);

w_pq := x, y, ρ, p, q /
vq

vy
q
 vx

p
 w x, y, ρ

Definition of I_pq's:

I_pq:=(y,rho,p,q,r)->int(x^r*w_pq(x,y,rho,p,q),x=-infinity..

infinity);

I_pq(y,rho,0,0,0):=Phi(y):

I_pq := y, ρ, p, q, r /
KN

N

x
r
 w_pq x, y, ρ, p, q dx

cdf and pdf of standard normal and its derivatives:

phi:=x->exp(-x^2/2)/sqrt(2*Pi);

Phi:=x->int(phi(y),y=-infinity..x);

poly :=unapply((diff(phi(x),x$n) / phi(x)),(x, n));

φ := x/
e
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Initialize integral values:

II:='II':

p:='p':

q:='q':
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Phi:='Phi':

rho := alpha[3] / sqrt(alpha[4]-1):

iis := 'iis':

for kk1 from 0 to 6*(number_polynomials) do

 for kk2 from -1 to 6*(number_polynomials) do

  for kk3 from 0 to 6*(number_polynomials) do

   II[kk1, kk2, kk3] := 0;

  end:

 end:

end:

i:='i':

j:='j':

q:='q':

r:='r':

II[0,0,0]:=Phi[0]:

Compute the remaining I_pq's via Lemma 2.1 in Finner & Dickhaus (2009):

q:='q':

r:='r':

i:='i':

j:='j':

with(orthopoly):

with(PolynomialTools):

h:=(n,x)->expand((I/sqrt(2))^n*H(n,I*x/sqrt(2)));

for q from 0 to 3*(number_polynomials) do;

  for r from 1 to number_polynomials do;

     II[0,q,r]:=sum(rho^i*coeff(h(r,x),x,i)*Phi[q+i],i=0..r);  

  end;

end;

for q from 1 to 3*(number_polynomials) do:

  II[0,q,0]:=Phi[q];

end:

iis := 'iis':

for q from 0 to 3*(number_polynomials) do; 

  for p from 1 to number_polynomials do;

    for iis from p to number_polynomials do;

      II[p,q,iis]:=-iis*II[p-1,q,iis-1];

    end;   

  end;

end;
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Compute Psi(t1,t2) as sum s^j/j! according to formula (2.2) in Finner & Dickhaus (2009):

r:='r':

s := (k, t1, t2, lambda) -> I^3*lambda * sum(I^r*U[r+3](t1, t2) 

/ ((r+3)! * lambda^(-r)), r=0..k-3);

s := k, t1, t2, λ /KI λ >
r = 0

kK3
I
r
 UrC3 t1, t2

rC3 ! λ
Kr

j := 'j':

psi := (k, t1, t2, lambda) -> sum((s(k, t1, t2, lambda))^j / j!,

j=1..(k-3));

ψ := k, t1, t2, λ />
j = 1

kK3
s k, t1, t2, λ

j

j!

rr0:=(t1,t2,lambda)->collect(expand(psi(k_approx, t1, t2, 

lambda)),lambda):

rr_test:=(t1,t2,lambda)->convert(series(rr0(t1,t2,lambda),

lambda=0, number_polynomials+1),polynom):

rr:=unapply(rr_test(t1,t2,lambda),(t1,t2,lambda)):

Computation of cumulants U[j]:

func := (t1, t2, zeta, alpha_1, k) -> (t1*(zeta^2-1)/sqrt

(alpha_1-1)+t2*zeta)^k;

func := t1, t2, ζ, alpha_1, k /
t1 ζ

2
K1

alpha_1K1
Ct2 ζ

k

zeta:='zeta':

for i from 2 to number_polynomials+2 do:

  beta0:=expand(func(t1,t2,zeta,alpha[4],i));

  thelp1:=beta0;

  for j from 2*i to 1 by -1 do:

    thelp2:=subs(zeta^j=alpha[j],thelp1):

    thelp1:=thelp2;

    #print(thelp1,thelp2);

  end:

  beta[i]:=thelp1;

  #print(i,beta[i]);
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end:

beta[1]:=0:

m:='m':

n:='n':

j:='j':

t:='t':

i_ende:=k_approx:

kappa:='kappa':

f1_moment:=(t,n)->log(1+sum(beta[j]/j!*(I*t)^j,j=1..

(number_polynomials+2))):

f1_moment(t,n):

equation2:=unapply(convert(series(f1_moment(t,n),t=0,i_ende),

polynom,t),t):

for i from 1 to i_ende-1 do:

  kap1[i]:=expand(coeff(equation2(t),t^i)*i!/I^i);

end:

for i from 3 to number_polynomials+2 do:

  U[i]:=unapply(kap1[i],(t1, t2));

end:

Compute w_pq's:

p:='p':

for p from 0 to 3*(number_polynomials) do;

  for q from 0 to 3*(number_polynomials) do;

    helpq:=fff_all(p,q);

    w[p,q]:=II[p,q-1,0]+helpq;

  end;

end;

Plug cumulants in expansion for Psi
and substitute w_pq's in the expansion for Psi:

tt_new1:=expand(rr(t1,t2,lambda)):

tt_new2:=collect(tt_new1,[t1,t2],distributed):

nops(expand(tt_new1));

142988

t_vec:=[t1,t2]:

C1:=[op(sort(tt_new2, t_vec, plex))]:

num_C1:=nops(C1);
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with(PolynomialTools);

i:='i';

tt:=0;

for i from 1 to num_C1 do:

  t1_exp:=degree(C1[i],t1):

  t2_exp:=degree(C1[i],t2):

  tt:=tt+algsubs((I*t1)^t1_exp*(I*t2)^t2_exp=(-1)^(t1_exp+

t2_exp)*w[t1_exp,t2_exp],C1[i]):

end:

num_C1 := 295
CoefficientList, CoefficientVector, GcdFreeBasis, GreatestFactorialFactorization, Hurwitz,

IsSelfReciprocal, MinimalPolynomial, PDEToPolynomial, PolynomialToPDE,
ShiftEquivalent, ShiftlessDecomposition, Shorten, Shorter, Sort, Split, Splits, Translate

i := i
tt := 0

Expand the resulting expression for Psi in powers of lambda:

tt2:=collect(expand(tt),lambda):

tt3:=collect(convert(series(tt2,lambda=0,k_approx-2),polynom),

lambda):

tt4:=(z,lambda)->tt3:

tt5:=collect(collect(expand(tt4(z,lambda)),lambda),{lambda}):

collect(expand(tt5),lambda):

k := 'k':

tt6a := algsubs(Phi[0] = 1, tt5):

tt5:=tt6a:

for k from 1 to 3*(number_polynomials) do:

  tt6a := algsubs(Phi[k] = poly(z,k), tt5):

  tt5:=tt6a:

end:

tt6:=convert(series(tt5,lambda=0,k_approx-2),polynom):

Final expansion of Psi:

help1a := (unapply(tt6, (z, lambda))):

help1b:=collect(expand(convert(series(simplify(expand(help1a(z,

lambda))),lambda=0,k_approx-2),polynom)),lambda):

help1:=unapply(help1b,(z,lambda)):

Expansion for f_00:
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bb1:= eval(fff_all(0,0)):

bb2:=algsubs(Phi[0] = 1, bb1):

for k from 1 to 3*(number_polynomials) do

  bb3 := algsubs(Phi[k] = poly(z,k), bb2);

  bb2:=bb3;

end:

bb4:=convert(series(bb2,lambda=0,k_approx-2),polynom):

help2a := (unapply(bb4, (z, lambda))):

help2b := collect(expand(convert(series(simplify(expand(help2a

(z,lambda))),lambda=0,k_approx-2),polynom)),lambda):

help2:=unapply(help2b,(z,lambda)):

Combine both expansions:

pre_final:= simplify(help1(z,lambda)+help2(z,lambda)):

final:=collect(expand(pre_final),lambda):

PPP[1]:=limit(final/lambda,lambda=0);

i:='i':

j:='j':

i1:='i1':

for i from 2 to number_polynomials do:

  help1:=(final-sum(lambda^j*PPP[j],j=1..i-1))/lambda^i;

  PP1[i]:=expand(limit(help1,lambda=0));

  help2:={seq(alpha[i1],i1=3..i+2)};

  PPP[i]:=collect(PP1[i],help2); 

end:
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      Polynomials in the Edgeworth expansion
____________________________________________

i2:='i2';

for i2 from 1 to number_polynomials do;

  print( );

  PP[i2]:=PPP[i2];

  print( );

end;
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Comarison with Hall's method: 

    Hall_PP[1],...,Hall_PP[5] obtained with Hall's method

     Due to computer resources, we computed only 

     the first 5 polynomials with Hall's method

First 5 polynomials obtained with Hall's method:

Hall_PP[1]:=(1/6+1/3*z^2)*alpha[3];

print();

Hall_PP[2]:=(1/6*z-1/9*z^3-1/18*z^5)*alpha[3]^2+(-1/4*z+1/12*

z^3)*alpha[4]-1/2*z^3;

print();

Hall_PP[3]:=collect((-35/432-35/216*z^4-175/432*z^2+7/324*

z^6+1/162*z^8)*alpha[3]^3+((5/48+5/8*z^2+5/24*z^4-1/36*z^6)*

alpha[4]-1/16-1/8*z^2-1/4*z^4+1/6*z^6)*alpha[3]+(-1/20*z^4-1/40

-1/5*z^2)*alpha[5],{alpha[3],alpha[4],alpha[5]});

print();

Hall_PP[4]:=(-35/72*z+25/108*z^5-5/216*z^3-1/1944*z^11+5/108*z^7

-5/1944*z^9)*alpha[3]^4+((1/216*z^9-5/12*z^5-1/18*z^7+1/6*

z^3+29/24*z)*alpha[4]-1/6*z+1/36*z^3-1/36*z^9+11/36*z^5+1/12*

z^7)*alpha[3]^2+(-1/12*z^3-1/2*z+2/15*z^5+1/60*z^7)*alpha[5]*

alpha[3]+(-37/96*z-11/96*z^3+7/96*z^5-1/288*z^7)*alpha[4]^2+

(-1/4*z^5+1/24*z^3+1/24*z^7+1/4*z)*alpha[4]+(1/18*z^3+1/6*

z-1/45*z^5)*alpha[6]-1/8*z^7+3/8*z^5;

print();

Hall_PP[5]:=(7007/6912*z^4+1001/864*z^2+1001/10368*z^6-143/2592*

z^8+13/58320*z^12+1001/6912-143/19440*z^10+1/29160*z^14)*alpha

[3]^5+((11/1296*z^10-385/128*z^2-385/144*z^4-385/1728*z^6+11/96*

z^8-1/1944*z^12-385/1152)*alpha[4]-1/72*z^10-17/108*z^8+385/576*

z^4+175/1152+875/1152*z^2+35/432*z^6+1/324*z^12)*alpha[3]^3+

(-1/30*z^8+7/64+49/480*z^6+77/64*z^2-1/360*z^10+35/32*z^4)*alpha

[5]*alpha[3]^2+((35/256+1/864*z^10+175/128*z^2+245/192*z^4



(17)(17)
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-7/192*z^8+7/96*z^6)*alpha[4]^2+(-25/128-1/72*z^10-5/96*z^6

-75/64*z^2+3/16*z^8-185/192*z^4)*alpha[4]+(-49/144*z^2-7/288

-7/216*z^6-49/144*z^4+1/135*z^8)*alpha[6]+1/24*

z^10+25/768+25/384*z^2+3/16*z^6+3/32*z^4-5/16*z^8)*alpha[3]+

(-7/16*z^4-7/192-7/360*z^6+1/240*z^8-7/16*z^2)*alpha[5]*alpha[4]

+(9/32*z^4+3/64-1/40*z^8+3/8*z^2)*alpha[5]+(11/168*z^4+3/56*

z^2+1/336+1/252*z^6)*alpha[7];
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     Comparison: Chung versus Hall

i3:='i3':

for i3 from 1 to min(number_polynomials,5) do:



(18)(18)

  difference[i3]:=expand(Hall_PP[i3]-PP[i3]):

  print(i3,difference[i3]);

end:

1, 0
2, 0
3, 0
4, 0
5, 0


