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In this supplement we provide additional technical material to [7]. In
Section Al we prove Lemma 3.1. Section A2 focuses on the computation of
global levels. Proofs of asymptotic results in Subsections 3.2 and 4.2 are given
in Section A3. Section A4 provides technical results for proofs in Section A3.

Al. Proof of Lemma 3.1.

ProOOF OF LEMMA 3.1. Since weighted KS tests reject the corresponding

null hypothesis if K S};;,Z > b, the acceptance region of the form (2.2) is

defined in terms of critical values

(AL1) c = — mn w< °
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in the two-sided case. In the one-sided case dy is replaced by ds = min(s, m)
for s € I;, . The aforementioned critical values always fulfill ¢ < dy, s €
Iy . Typically, weighted KS critical values defined in (A1.1), (A1.2) are not
proper but can easily be replaced by the proper critical values

&s = max{0,s —n, [¢s]} and dy = min{s,m, |ds|}, s € Lnn,

where |z] ([z]) denotes the largest (smallest) integer less (greater) than or
equal to z for x € R.

First, we focus on ¢, s € I, . Suppose there exists an s € I,,, , such that
¢s > max(0,s — n), otherwise ¢; = max(0,s —n), s € I, which implies
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2 FINNER AND GONTSCHARUK

the assertion. For the sake of simplicity we consider ¢, defined in (Al.1) as
a continuous function for s € (0,m + n). Then we get lims_0cs < 0 and
limg_yman cs < m. This together with the convexity of ¢ implies that there
exist unique s1, so € (0,m+n) such that ¢, = 0 and ¢y, = s9 —n. Moreover,
it follows

(a) és =0 for s € Iy, N (0, 1],

(b) s = [cs] for s € Ly N (51, 52),

(c) és=s—mnfor s € Iy, N[s2,m+n).

Obviously, (2.3) and (2.4) are fulfilled so that it suffices to check (2.5) for
Cs, 8 € LN (s1,82). Since ¢, is convex, ¢g > s—n for s € (s1,s2) and ¢5, =
so—n, the slope of any secant of the curve ¢ in (s1, s2), i.e., (cs—cy)/(s—5'),
is less than the slope of the line s — n. Hence, cs11 — ¢s < 1 for any s such
that s,s+1 € I, , N (51, 82), i.e., (2.5) follows. Upper critical values can be
treated similarly. O

A2. Computation of global levels. Consider a two-sample GOF test
with the acceptance region A, ,, of the form (2.2) and critical values cs, ds,
5 € Iy . It is not required that critical values cs, ds, s € I, , are proper. In
order to compute the global level, i.e., Po(Vy, & Appn) = 1—Po(Viy, € Apn)s
we define

A,(;;)n ={z € Ng‘+"_1 tep <xyp <dy, ..., 0 <xs <ds}t, SELypy.

Thereby, Agﬁ? o+ n=l) — Ap . The acceptance probability Po(V;, € Ap,pn) can
be computed in a sequential way. First, note that

Po(Vip1 =0,V € AD Y= " (¢ <0<d
0(Vin1 =0,Vin € A3) pe—— (1 <0< dy)
and m
Po(Vin1 =1,V € AV Y= 7 J(¢; <1<d
o(Vin1=1,Vin € 43)) e <1<dy),

where I(c; < j < dy) =1ife; < j < dy and [y < j < dy) = 0 else.
Furthermore, for cs11 < j < ds+1 and 1 < s <m +n — 2 we get
Po(Vins+1 = J, Vim € A%i,t}))
= Po(Vin.ss1 = j[Vins = 5)P0(Vins = j, Vin € AG),)
+ Po(Vin,s+1 = [ Vinss = 5 = DP0(Vins = j = 1, Vin € AR))

o n—8+j . (S)
= 7m—|—n — SPO(Vm’S = j,Vm (S Amm)
) B (Ve = 5 — 1, Vi € AB)).

m-4+n-—s



SUPPLEMENT A 3

Finally, we obtain
]P)U(Vm € Am,n) = ]P)O(Vm,m—l-n—l = m — ]_’ Vm c Ag:):brjnfl))
+ Bo(Vinsn 1 = m, Vi € AGERD)

m,n

REMARK A2.1. The acceptance probability Po(Vy, € Amn) can alterna-
tively be calculated as a fraction of the number of Vi,—paths, which lie in
the acceptance region Ay, n, and the number of all possible V,,—paths. Not-
ing that the number of different paths of the random process Vi, is (m;;"),

it suffices to count paths that belong to Ay, . For example, see [11] for KS
global levels.

A3. Proofs of asymptotic results in Subsections 3.2 and 4.2.
W.l.o.g. we assume that the underlying probability measure is given by

(A3.1) Pg such that F(t) = G(t) =t, t€[0,1].

The cases v € [0,0.5) and v = 0.5. First, we define local weighted KS
statistics as

(A3'2) KS;/n,n(t) = Dlr/n,n(t)( V Cm,nG::V(t) -V 1- Cm,nF;;{l/(t))a

where (o = m/(m +n),

and
v _ t(1—t) v
<A34) Dm,n(t) - (ﬁm+n(t)(1 B ﬁm+n(t))) , te [tl,tm+n>.

Then K Spi = supye(o ) (K5, () for KSpib defined in (3.4). Obviously,
for any interval T' C (0,1) we get

sup |KSy, ()] < sup Di;,n(t)<\/ém,n sup |G (1))

te(0,1)\T te[t1,tm+n) te(0,)\T

(A3.5) +VT= G sup [F3(0)]).
te(0,1)\T

Let BL" (t) and B2’ (t) be weighted Brownian bridges as in Theorem A4.1.
Then we get an alternative representation for local weighted KS statistics,
ie.,

KSy () = Din(t)(V/CunlGHY (8) — By (1))
(A3.6) V1= Gl () = BRY (1) + By (1)),
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where By, ,,(t) = [ By’ (t) — /T = CunBal (t), m,n € N, are weighted

Brownian bridges.

PrROOF OF THEOREM 3.1. (a) First, we show

(A3.7) sup Ky, (1)] = op; (1),
te(0,1)\Trm.m ’

where
(A3.8) T = (log(m+n)/(m+n),1 —log(m+n)/(m+n)).
Consider (A3.5) with T'= T,;, ,,. Theorem 2.1 in [3] yields that

sup  |GRY(D)] =opz(1) and  sup  [FY(E)] = opg (1),
te(0,1)\Tm,n t€(0,1)\Tm,n

which together with Lemma A4.1 lead to (A3.7).

Next we consider (A3.6) for ¢ € T,,,. By Lemma A4.2 the auxiliary
variable Dy, | (t) converges to one at least stochastically and uniformly in
t € Ty n. Moreover, (a) in Theorem A4.1 yields that the first two terms in
brackets in (A3.6) converge to zero stochastically and uniformly in ¢ € (0, 1).
Therefore,

(A3.9) sup |KSy, (1) — By, o (6)] = opy (1).
teTm,n

Furthermore, by combining Theorem 2.1 in [3] and (a) in Theorem A4.1, we
get

(A3.10) sup  [By, ()] = op; (1).
t€(0,1)\Trm,n

Finally, (A3.7), (A3.9) and (A3.10) lead to

(A3.11) sup |KSy, (1) — By, (8)] = ops (1).
te(0,1)

Consequently, for any x € R we get

lim ]P’S( sup (KSy, (1)) < x) = lim ]P’S( sup (BY, (1)) < :U)
m—00 t€(071) ’ m—00 te(O,l) ’

(b) For any ¢t € (0,1) and b € R we get by (A3.11) that

Po(KSy, () > b) = Po(By, ,(t) > b+ opy (1))
and hence, Po(K Sy, ,,(t) > b) — Po(By,,,(t) > b) as m — oo. Noting that
Po (B}, (1) > b) =1 —®(b/(t(1—1))"/27¥), we get the desired representation.

(c) Since sup;e(g 1y B}y, ,,(t)| is a non-degenerate random variable, e.g., cf.
Theorem 4.2.3 in [2], the assertion immediately follows. O
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PROOF OF THEOREM 3.2. (a) W.l.o.g. we assume that n = n(m) > m,
m € N. First, we show that
(A3.12) lim IP’O( sup  |KSYS (1) < bm(x)) = 1.
m,n—0o0 tE(O,l)\Tm ’
We consider (A3.5) with T = T,,,. Applying Lemma 4.4.4 in [2] to the second
term in brackets and Lemma A4.1 to the term out of brackets in (A3.5), we
get

(A3.13) sup  |[KSp, ()] <
t€(0,1)\Tim

OIP’S(\/ Cmm)  Sup ‘G:O’S(t” + OIP’{;( logs(m)).
te(0,1)\Trm
In order to prove (A3.12) it suffices to show that the right-hand side of
(A3.13) is op: (y/logy(m)). We consider two cases, (i) m = o(n/logy(n)) and
(i4) n/ logy(n) = O(m).

(i) Applying Taylor series we get \/Cmn = 0(1/logy(n)). It can eas-
ily be seen, cf. e.g. the first theorem in [12], that supc 1) G (1)] =

2logy(n)(1 + opz(1)). Hence, the right-hand side in (A3.13) is equal to
Op; (1/logg(m)), which implies (A3.12).

(ii) Lemma 4.4.4 in [2] yields supye(on, [Gn" ()] = Ops(1/10gy(6,))
for 6, = (n/m)log®(m). Since &, < log®(n) for larger values of n, we get
SUPse(0,1)\ T, 1G5 (1)| = Opg (/logz(n)). Consequently, the right-hand side
in (A3.13) is Op: (\/logy(n)). Noting that \/logs(m) = y/logs(n)(1 + o(1)),
we get (A3.12).

Now we show that

(A3.14) sup [ K597, (t) — BYY, (8)] = ogs (1//1ogy(m)).

teTm

We consider (A3.6) for t € T,,. Since T,, C T,, the first two terms in
round brackets in (A3.6) are equal to o(1/4/logy(m)) Pj-almost surely and
uniformly in ¢t € T, cf. (b) in Theorem A4.1. Together with Lemma A4.2
we get

K 57%,(t) = [1 + Opy (v/logy (m) / log(m))][org (1//logy (m)) + B2, (¢

uniformly in ¢ € T,,. Noting that sup,cq, By, (t)| = 210g2(m)(1 +
opx(1)), we arrive at (A3.14). Together with (A3. 12) we obtain

lim P5(KSDOS <b(x) = lim }P’O( sup (K595, (x)) < bm(t)>

= lim P(]( sup (B%5(z)) < bm(t)>,

m—oo teETm,
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where B%® is a normalized Brownian bridge. For the asymptotics of a nor-
malized Brownian bridge, e.g., see (11)—(13) together with (15),(16) in [9].
(b) Due to (A3.14), we obtain IP’O(KS%::’n(t) > b (z)) = 1= (b (t) +opz (1))
for t € T}, and = € R. Applying Mill’s ratio, we get

0.5 _ exp(—2) o M
PO S550) > b)) = 0o (1 o))

Hence, for s € Ip,, with limy, oo Po(ts € Tpp) = 1, e.g., for s > (m +
n)log®(m)/m with k > 6, we get the assertions.

Now we focus on the left-tail case with s € I,,, ,, such that lim,,, o s/((m+
n)logs(m)/m) = oo and s < (m + n)log®(m)/m for an arbitrary but fixed
k € N. The right-tail case can be proved similarly. Let ¢; be defined in
(A1.1) with b = bm(:rg) and let Fpi(-|s,m/(m+n)) denote the CDF of the
binomial distribution with parameters s and m/(m+n). With some analysis
we obtain that

ol | Fpin(cs — 1s,m/(m +n)) — 1 as m — oo

uniformly on the range of s-values considered here. Similarly to the one-
sample case, cf. Theorem 3.2 in [10], we obtain

Fpin(cs — 1|s,m/(m + n))

0 —1 as m — o0
1—®(by(zy)

uniformly in s fulfilling (3.7). Following the proof of Lemma 4.3 in [10], we
obtain the desired representation.

(¢) The assertion follows by the considerations in (a), e.g., cf. (A3.14), and

the knowledge about the sensitivity range of the one-sample HC test that

can be find in [6] and [12]. O
The case v € (0.5, 1].

PROOF OF THEOREM 3.3. Let n = n(m), m € N. Similarly to (A3.2) we
consider renormalized local statistics

(A3.15) K, (1) = Dy n(O)[(Ginn) " GEY (8) = (1= Gonn) ™ F Y (2)]

with one-sample renormalized weighted local KS statistics

Giv(t)y=n'"" 0 (’i() ) and F75(t) :ml_”
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Representation (A3.15) together with Lemma A4.1 and results in [14] (see
also [3]) imply that KiS;le = supte(()’l)(KiS:n,n(t)) converges to a non-
degenerate random variable. W.l.o.g. we assume lim;, o0 (ym,n = p. We dis-
tinguish two cases, (i) p € (0,1) and (i¢) p € {0,1}.

(i) With Lemma A4.1 and results in [14] we get

sup |KSr (1) = ops (1)
te(km /m,1—km /m)

for 1 < k,, < m, ky, = 00, kpy/m — 0, m — oo. Asymptotically, extreme
order statistics determine the supremum, i.e., for any ¢ > 0 there exists
sp = so(€) € N such that

(A3.16)  sup (KS,,,(ts)) = sup (K S n(ts)) + Opy(e)

s€Im,n s€[1,s0]U[m+n—s¢,m+n|
for sufficiently large m,n. In jump point ¢, K S:%n can be rewritten as

TV 1 SCm,n - Vm,s
KSm,n(tS) B (Cm,n(l - Cm,n))y sv

Since V,,, s converges in distribution to Y, uniformly in s < sg, we get

[1+O(s/n)].

19

. ——v 1 <5p - }/s>
lim sup (KS,,,(ts —_ —
m=—00 sE[l,so]< ’ ( )> (p(]- - p))y s€[1,s0] s”

Together with (A3.16) and the fact that KiS:n’n(ts) and —Kisz%n(tmj%_s)
are equally distributed and asymptotically independent we obtain the asser-
tion.
(17) Let n = n(m) > m, m € N, so that p = 0. The case p = 1 can be treated
analogously. From (A3.15), Lemma A4.1 and results in [14] we obtain
sup (K'S,, ,(t)) = sup Dy (){=F5" (t)) + opg (1).
t€(0,1) te(0,1)
With results in [16] we get that sup,c(q, 1-a,) |[Dmn(t)] — 1 in probability
for a,, € (0,0.5) with na,, — oo as n — oco. Therefore,
sup  (KS,,,(t) = sup  (=F2Y(1)) + o (1).
te(an,1—an) te(an,1—an)
Now choose a, = An(m) with lim,, o ma, = 0. Conditionally on {a, <

Ximy, Xinem < 1=ap}, we get sup;e(o.q,.) \Fﬁf”(tﬂ = SUPse(1—ay,1) ]ij”(t)\ —
o(1). Since limy, 00 P§(an < X1:m, Xmem < 1 —ayn) =1, we get

sup |KS,, ()= sup [KS,, ()] = op;(1).
te(0,an) te(l—an,1)
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Hence,
sup (K5, (1) = sup (—F""(8)) + ops(1).
te(0,1) te(0,1)

Altogether, we obtain that the asymptotics of sup;¢ (g 1) <K75:,m (t)) coincides

with supte(m)(—F#’”(t» for p =0 and supte(oyl)(G#L’”(t)) for p =1, cf. [14]
for the one-sample asymptotics. ]

PROOF OF THEOREM 4.1. W.l.o.g. let n =n(m) > m, m € N. We show
that one-sided minP tests based on ay, ,, are asymptotic level « tests, i.e.,
(A3.17) mlgmoO Po(sgllg,ln ps < ap,,) =a.

The two-sided case can be treated in the same way by utilizing the symmetry
properties discussed in Section 2.3 in [7].

For ole¢, = a7, , let ¢f, s € Iy, be defined by (4.1). Setting so = [ (m +
n)log(m)/m], we split I, » into J; = {1,...,so}U{m+n—sg,...,m+n—1}
and Ja = I \ J1. We get Po(mingep, , ps < o, ) = Po(Usesy{Vins < ci})
and
(A3.18) Py H}in ps < Q) <

SCim,n

Po(Uses, {Vin,s < 5} + Po(Usesn {Vin,s < ¢5})-
Now we show

(A3.19) lim Po(Use, {Vins < ci}) = 0.

Let by,(z}) be defined as in Section 3.2, cf. the notation before Theorem
3.2. From Remark 4 in [8] we get of,,, = ®(=bn(z]))(1 + o(1)). Since
the distribution of (Vi 59 — E[Vin.so])//Var[Vi.s,] converges weakly to a
standard normal distribution if Var(V;, s,] — oo for m,n — oo, cf. e.g.
[13], we get ¢}, = E[Vin 5] — b (2] )Var[Vi, 5] (14 0(1)), which immediately
implies ¢, < log(m) for sufficiently large m-values. Let s}, i =1,...,c; , be
the indexes with ¢} =i for s € [s],sj, ;). For any s < s there exists an i €
{1,...,¢5, } such that s € [s], s}, ;). Moreover, {Vin s < ¢i} C {Vy s < c:;}.
Altogether, we get

Bo(US {Vins < €2}) = Bo(US™ {Viner < i }) < log(m)al, , — 0

as m — oo. Analogously, we get lim,, ;oo IP’O(UZL:J;,?;%_SO{VWS <cthH) =0

and hence (A3.19). Together with (A3.18) we obtain

lim Po( min ps < ay,,) = Tr}i_rgolP’o(Usgh{Vms < ci}).

m—00 Selm,n
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With the same arguments as in the proof of Theorem 1 in [8] for the one-
sample case, we get (A3.17) and the remaining assertions. O

A4. Technical results. The following two lemmas characterize the dis-
tribution of the auxiliary process Dy, ,(t), t € [t1,tm1n), defined in (A3.4).

LEMMA A4.1.  Let Pg be defined in (A3.1). For Dy, . defined in (A3.4)
we get
sup DZ@,n(t) == Opé(l).

tG[tl,tm+n)
PRrROOF. It holds
(A4.1) Pg( sup ¢/ Homin(t) > )\> < Nexp(1 — \),
te(ti,1]

cf. [1] or p.137 in [15]. Noting that supcp, 1) t/Hpmyn(t) has the same distri-

bution as supsc(o4,,,,.)(1 —)/(1 = Hmyn(t)), we obtain

(A4.2) 1@;;( sup (1 —1)/(1 — Hypon(t)) > A) < hexp(1— \).

te [O)trn+n)

Moreover, since t/Hy,p(t) > 1 if and only if (1 —¢)/(1 — Hyin(t)) < 1, we
get for any A > 1 that

{Dm,n(t) 2 )‘} < {t/ﬁm-i-n(t) > )‘} U {(1 - t)/(l - I:Im-‘rn(t)) 2 )‘}-
Together with (A4.1) and (A4.2) we get

(A4.3) ]P’S( sup Dy, () > )\> < 2\ exp(1 — AVY),
te[tlytm+n)
hence the assertion follows. O

LEMMA A4.2. Letv > 0. For DY

m,n’

(A3.8) and (A3.1), respectively, we get

T and Py defined in (A3.4), in

sup Dy, () =1+ O(y/logy(m +n)/log(m +n)) P§ — a.s..
tETm,nm[tlathrn)

The proof follows with results in [4], also cf. the proof of Lemma 5 in [12].

The next theorem shows that weighted empirical processes based on one
sample can be approximated by suitable sequences of weighted Brownian
bridges.
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THEOREM A4.1. Let Gy"(t) and F," (t) be defined in (A3.3) and let P
be defined in (A3.1). Then there exists a probability space (2, A,P§) with
two mutually independent sequences of weighted Brownian bridges (]B%}L’V(t) :
te(0,1)), neN, and (BX'(t) : t € (0,1)), m € N, such that
(a) for v € [0,0.5)

Py( sup [Grt(0)-By()]) = o5 (1), Py( sup |F¥(1)-BE (1)) = or (1),
te(0,1) te(0,1)

and,
(b) forv=10.5

Py ((sup [G05() — BLO(1)]) = o(1/v/log,(n)) PG — a.s.

tely

Py ( sup [F05(0) — BE(1)]) = 0(1/y/logy(m)) Py — a.s.,

teTy,
where T, is defined before Theorem 3.2.

PrOOF. Part (a) follows by applying Theorem 4.2.1 in [2], also cf. Theo-
rem 12.20 in [5]. Part (b) follows by (¢) on p. 601 in [15]. O
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